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Abstract. In this work we have improved the kinetic model of Kieffer and Borchardt
for diffusion in silicate melts, which takes into account both the diffusion of individual
polyanions and the reaction of different polyanions through condensation and splitting events.
Making assumptions for the individual condensation reactions, similar to those by Masson, the
equilibrium polyanion distributions in silicate melts were calculated by solving a system of
coupled first-order differential equations, describing the reactions between polyanions of varions
sizes. The concentration dependence of the SEOZ' menemers, determined by our approach,
is identical to that resulting from the thermodynamic treatment by Masson. Furthermore, by
allowing for local changes in the isotope distributions of the elements, and by assuming that
migration of all species present in the system occurs due to random motion, the self-diffusion
of silicon and oxygen in CoO-8i0; melts has been simulated. The parameters for the model
have been estimated by fitting the simulation results to qur experimental data of Si and O
tracer diffusion. While the simulated concentration profiles were in good agreement with our
experimental tracer diffusion measurements in the CoO-8i0; system, their shape could not be
described by the standard solution of Fick's Jaw. Conversely, for the CaO-5i0; and PbO-
Si02 systems, the simulated profiles were in much better agreement with the standaed solution.
This difference in diffusional transport properties can be qualitatively interpreted as due to the
structural differences of Co0O-SiQ; as compared to the two other systems.

1. Introduction

The properties of silicate melts, e.g. the viscosity and the electrical and thermal conductivity,
depend very sensitively on the chemical composition and on the nature of the constituents.
An increase in temperature not only enhances atomic mobility by providing the necessary
activation energy, it also alters the degree of networking in the equilibrium structure, To date,
a number of models have been proposed by several authors [1—6] for the description of the
structure of silicate melts. These models are mostly based on thermodynamic formalisms.
‘While the relationships between structure and thermodynamic properties have been explored
extensively, attempts to relate the mobilities of structural constituents to the geometry of
silicate structures are sparse [7-10].

The structural unit of silicates is the SiOy4 tetrahedron. By sharing oxygens, these units
can combine to form larger ionic complexes (polyanions), which exhibit various shapes
and sizes. Depending on the chemical conditions, these complexes can condense into large
polymeric species, and eventually into a three-dimensional network. The transport properties

0953-8984/94/469835+18819.50 (© 1994 IOP Publishing Ltd 0835



9836 T F Young et al

of silicate melts obviously depend on the degree of networking, and on the facility with
which the structure can incorporate mobile ions. In binary metal oxide silicates, M, O-
Si0s, structural components include M™% and 0%~ ions and a distribution of polyanions,
which can be perceived as the result of a dynamic equilibrium of condensation and splitting
reactions between polyanions of different extents. The general form of these reactions is

. — . —_ ki'" . — —_
8i, 03 4+ 8104~ = 8, O3 + 0 (1
where the reaction constants k; , are defined as

_ [Sins1 O3y 110™]

T (81,023 0181081

()
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Here [Sinogﬁﬁl)"], [Sin+10§ﬁ'f,_"f)_]’and [O%] are anion fractions, and will henceforth be
abbreviated as X,,, X, 1 and Xe2-, respectively. By assuming that the &, , are independent
of composition, length and form of polyanions, Masson et al {1,2] derived a formalism
that allows for the calculation of the polyanion distributions in silicate systemns. A detailed
review of the models for silicate melts has been given by Gaskell [3].

Recently the system CoO-SiO; has been systematically investigated by Kieffer and
Borchardt [11,13] and by Young et al [14]. Kieffer and Borchardt [11, 13]) proposed a
kinetic model that accounts for polycondensation reactions between network species and
for diffusional transport. As opposed to the common thermodynamic approaches [1-6], this
model allows one to consider non-equilibrium situations and to observe the evolution of
the system as a function of time. The authors applied their model 1o evaluate polyanion
distributions and effective cation tracer diffusion coefficients in the system CoO-SiQg, as
a function of composition. Subsequently, Young et al [14] measured the tracer diffusion
coefficients of oxygen as a function of temperature and composition.

In the work presenied here, the kinetic theory of Kieffer and Borchardt [13] has been
enhanced to encompass oxygen tracer diffusion in silicate melts. While it is straightforward
to account for the number of silicon atoms incorporated in a j-mer, the number of oxygen
atoms carried by this aggregate depends on the extent of internal crosslinking, In the original
formulation of the model, this information was implicitly contained in factors w(J, m),
which represent the probabilities for a j-mer to emanate from an m-mer, where m > J,
through rupture of a single bond. An explicit expression for the w(j, m) is impossible to
give without extensive knowledge of structural geometries. In the present work we therefore
simplified the original formulation in order to be able to incorporate an explicit oxygen
balance. In the following we will briefly outline the derivation of the revised equations, and
then show how the model can be applied to explain the experimentally observed behaviour
of oxygen tracer diffusion in cobalt silicate melts. Furthermore, the polyanion distributions
in this system, as calculated with the revised model, will be given. Firally, simulations
of oxygen and silicon tracer diffusion in the systems Ca0-SiO; and PbO-Si0; will be
discussed.

2. Kinetic model of silicate melts

2.1. Structure of silicate melts

In their original derivation, Kieffer and Borchardt attempted to incorporate the complexity
of network structure of silicate melts by means of a functionality parameter f; and a related
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factor w{j, m), describing the probability that an m-mer decomposes to yield at least one
j-mer. This combination of factors reflects the fraction of bridging oxygens that a polyanion
of a given size can have. The authors chose the magnitudes for the functionality parameter
as a function of the composition, by interpolating between known limiting values. They
described the system by means of anion fractions N;, where j is the number of silicon
atoms incorporated into a polyanion containing j unit building blocks. It is defined as

szﬂj/ziﬂj (3)

where #; is the number of polyanions with j silicon atoms.

They took the value of the equilibrium reaction constant k| , = 2.6 for CoO-Si0; at
T = 1450°C from Masson [2]. Furthermore, the magnitude of k;, was assumed to be
independent of the size of polyanion, and according to equation (1} can be related to the
reaction rate constants &% for condensation and &£~ for splitting, according to &y, = kT /4™,
The overall equilibrium polyanion distributions can then be calculated by solving the system
of coupled reaction rate equations. The numerical results for the polyanion distribution in
cobalt silicate meits show a good qualitative agreement with those of Masson [2].

As aresult of the condensation and splitting reactions, silicon tracer atoms are exchanged
between polyanions of different sizes, and, depending on the size of the polyanion they
are incorporated in, the silicon tracer atoms migrate with different velocities. When
combining (de)polymerization reactions and Fick’s transport equations, the development
of tracer concentration profiles with time can be simulated for various chemical and thermal
conditions. Here we will expand this formalism to include the balance of oxygen atoms.
To this end we will introduce two minor modifications to the original formulation:

(i) With the adjustable w(j, m) parameters Kieffer allowed, in principle, for various
degrees of ramification and ring formation in the polyanions. In his calculations he chose
the values for w(j, m) arbitrarily within known limits. Unfortunately, the same value for
w(f, m) can be obtained for different polyanion geometries. Since the oxygen balance
depends on the knowledge of the relative extent of ring formation versus open-ended
branching, we needed a more definite approach here. Because of the relatively small effect
that w(j, m) has on the polyanion distributions, we simply incorporated it into the reaction
rate coefficient k~. For compatibility reasons we therefore replaced the factor (j — 1),
which represents the number of bonds within a j-mer that can break, with the factor g(j).
The magnitude of the latter factor can vary; for linear chains it will again be (j — 1)/2.
Furthermore, since the reaction constant k is assumed to be independent of polyanion shape
and size, any size dependence of the reaction rate constant will drop out in the end.

(ii) The oxygen will be accounted for as being part of aggregates of various. sizes,
including free oxygen 0%~ It is therefore advantageous to normalize the anion fractions by
including the free oxygen, i.e.

Xj =nJ,/(Z 1 +n02—) (4)
ic=]

where ng:- is the number of free oxygen anions in the system and n; is the number of
polyanions of size j. Naturally these anion fractions are normalized to unity:

- ‘
Xo-+ 3 X;=1. (5)
=1
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For the following derivation it is assumed that a series of reactions, all extensions of
equation (1), contribute to the overall anion balance. The general form of these reactions
can be written, after Masson, as

k+
m+(j"'m)z:—*j+02". : (6)

Within a balance of velume dx dy dz, small compared to the root-mean-squared displacement
of the mobile species during the observation period, but large compared to the average
polyanion chain length , the anfon balance can be established by including condensation
and splitting reactions, as well as diffusion fluxes for each individual species simultaneously.
After Kieffer [12, 13] the balance for a j-mer in one dimension includes the following three
processes:

1. Diffusion of j-mers

9%, a( axj)=D.32X,- o -

T = w P Taxr

with a diffusion coefficient D; that is independent of the chemical composition.

2. Creation of a j-mer through
(i) condensation of an m-mer with a (j — m)-mer

ALY
=kt Z X Xjom (8)

m=)

(i) splitting of an m-mer when reacting with a free oxygen

-——-k‘ Z X Xon- ©)

m=j+1

where A(j) is the integer part of fraction j/2 in order to avoid double counting.

3. Annihilation of a j-mer through
(i) condensation of a j-mer with any other m-mer to a (j 4+ m)-mer

ek sz (10)

(ii) splitting of a j-mer with free oxygen ions

3X;
_51?— = —k™ Xez- () X; (11)

where 1(J) is the set of possibilities for a j-mer to decompose into smaller fragments. If
no rings form, there are (f — I) bonds in the polyanion, and w(j) is equal to {(j — 1}/2.
The factor of 1/2 is due to symmetry.
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Summation of the above equations yields

92X, AG)
J +k+ZX Xicm+k Z X on-—k+XJZXm—Ic on—;..t,(_])X

== f1 m=1

% _ g
Y ax?

12y

BEquation (12) describes the local ion balance of polymer ions of any size j; the entire
system of polyanions is described by an infinite number of similar equations, one for every
j-mer. In practice, one has to limit this number of equations, which is reasonable to do,
as long as the anion fractions converge to 0 for j — o9, ie. for sufficiently large modifier

cation concentrations.
A special case is that of the equilibrium state. Then the X; are independent of time and
space, 1.e. .

8X;/ox =0 and 8X;/at =
Equation (12) then reduces to
AL)
K XnXjm A Z XpmXoe- —k X_,ZX,,,—IC Xo-p(J)X; = 0. (13)

m=] m=j41 m=1

Using equation (5), which is rewritten as

iXJ =1- Xol—
J=1

we get

o Sl &
Y Xn=1-Xor =) Xn=1-Xg- =3 Xn—X;
me=|

j+t < ome=l

and equation (13) becomes

AL ! .
Y X Xjom k™ on_(l on-—ZX X) kX, (1— Xo2-) —k~ Xoo- w()X; = 0.
=] m=1

Dividing the above equation by k~, using k = k¥ /k~, and regrouping all X; terms to the
left-band side, we get

AL
X[ Xoe- +k(1 — Xo-) + un(NXpe-] —-kZX XJ_m-I—on-( — Xge- — ZX )
. m=1 m=1

One can solve this expression for X :

MY J=i
X = [kz XnXjm + Xoe- (1 — Xo- — Z X,,.,)][on- + 5l — Xog-)+ ﬂ(j)on—]ﬂl.
m=1

m=1

(14)
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Figure 1. Polyanion distibution as a function of the  Figure 2. Polyanion distributfon as a function of
silica concentration in CoO-SiQy melts, calculated by  the silica concentration, caleulated by using different
using the present model. The curves are for j = [ to  models: ( ) after Masson [2]; (- ---) after Kieffer
20. . [13]. The curves are for j = 1 to 10,

For the monomer fraction, this equation simptifies to

X (1= Xgo-)
K= = X + Ko - =

This expression is identical to that given by Masson for the monomer fraction [1,2].
In figure 1 the results from this work, including anion fraction up to j = 20, for system
CoO-5i0; are shown. Again, the value of 2.6 was assumed for k. For comparison, we
show in figure 2 the polyanion distributions calculated using the original formulation by
Kieffer [11, 13], and those reported by Masson. The agreement is rather qualitative.

In equation (14) the fraction of a j-mer is expressed as a function of all the n-mers
with n < j, and the fraction of free oxygen. The relation to the chemical composition of
the system is obtained as follows. The number of silicon atoms is given by

oo oo
csio, = ) _Jny=F Y _JjX; (16)
J=1 J=t
where #; are the number of polyanions of size j, and
=)
F=3 n+no-
—

is the normalization factor from equation (4). The product jr; = jFX; is equal to
the number of silicon atoms in the j-mer, and will be referred to as ¢;. Similarly,
Cor- = nor- = FXp-. On the other hand, let co; be the number of oxygens per j-mer.
The total oxygen balance then reads

[=3)
cor- + Z Co, = MO + chiOz = COuyal - a7

=
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At this point it is necessary to make assumptions concerning the cyclization within each
polyanion. For the work reported here our choice was to consider rings composed of no
less than six units. Hence,

B+ D =@+ DFX; for j <6

© { (37 -+ Dni(1 —x)+x(2jn;} = F[(3j 4+ DX; —x(G + 1)X;] for j =6
where x represents the fraction of non-linear polyanions. Note that if Xgiq, approaches 1,
then co; = 2jc,. Although the possibility of threefold rings has been postulated by Bockris
et al [15], in this work we only assumed rings larger than six units for the system CoO-
Si0,, based on the results by Smith and Masson [2], who reported predominantly linear
polyanions. Substitution in equation (22) yields

5 o0
co-+ Y Gj+ Dy + Zn,—[(i%j + 1D —x(+ D] = cop
. i 6
and after regrouping
o0 oo
cor + 2(31' + Drj —x Z(j + Dn; = Cop- (18)
I 6

Using equations (16} and (5) we can replace the first two terms on the left-hand side of
equation (18) and get

o xR
x(Zjnj+an) = 3ngip, + F — co,,, = Msio, + F — nmo. (19

3 3
Using the same assumptions concerning cyclization, we can furthermore express the

numbers of singly bonded oxygens, O, and bridging oxygens, 0% as
5 o0 o o]
co-= Y i+ + Y QI+l —x) =Y Qi+ Dy —x Y Qj+2m;  (20)
i 3 1 6
and
5 & ==} o0
cgo = }:(j—l)nj+2[{j——l)nj(l—x)+x(2jnj)] = F(Z(j—i)Xj+x Z{j—%—l)Xj).
i 5 1 3
2

In both equations (20) and (21), we can eliminate the rightmeost summation using
equation (19), and we can express the concentrations of the oxygen species, O° and O™, as
functions of the chemical composition and the amount of free oxygen 0%:

(=]
no- = 2(2(1’ + Lnj — nsio, — F +nmo) = 2nsio, — noe- + F — nsio, — F + nmo)
i

and it follows that
fio- = 2(nmo — nor-). (22)
Similarly, we find
noo = 2ngio, + Roz- — Ano. (23}
Therefore the only input data that we need for our calculations are the concentration
of free oxygen and the polycondensation equilibrium constant. Our calculations are hased
on the values reported by Masson for these two quantities [1,2]. In figure 3 the relative
amounts of 0%, QY and O~ are shown for the system CoO-5i0;. In summary, the principal
differences between the current formulation of the kinetic model and Kieffer’s original form
are the assumption of experimental data for the O*~ concentration and the ability to compute
anion fractions recursively, as described by equations (14) and (15).
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Figure 3. Oxygen species distribution in CoQ-5i0;  Figure 4. Simulated concentration profile for St fracer
melts. diffusion {dots) in Co0Q-8i0y assumung constant surface

concentration. The full curve represents the analytical
solution for the same initial and boundary conditions,
assuming a constant diffusion coefficient.

2.2. Silicon and oxygen tracer diffusion in polyanion melts

Assuming an equilibrium polyanion distribution, as obtained by the above procedurs, we
can substitute a fraction of the elements by a different isotope. Owing to the incorporation
of Fick’s second law in the balance equations, tracer concentration profiles for various initial
and boundary conditions can be simulated. Substituting ¢; = jFX; in equations (7)-(11),
the time-dependent change of j-mer becomes

de; ¢ f Cm Cj— j 2 ¢ K+ cm Kk
9 _ 5 2% m Cjom  J - n, K hem K
8t T ox? Z mj—m *F m:zj-z-l m O T FY —m F #(Degr-cj.

(24)

2.2.1. Tracer diffusion of sificon. Suppose that a silicon tracer isotope is introduced into
the melt. We can assume that it is uniformly distributed over all j-mers, i.e. for ¢t = 0 the
fraction of tracer isotopes, x}r, is a constant for all j-mers. The balance of tracer elements
is obtained my multiplying each concentration in equation {24} by the respective fraction
of substituted isotopes. Abbreviating ¢} = chT we get

et 32 L A i C
z ¥ y—m * n
N G +CJ._,,,_)

— m m
m=1
. == * +
c k ¢ b
+ %k"coa- o S~ On _ e @5)
m=ys1 T m= T
Furthermore, the total tracer concentration is ¢* =¢f + ¢ + -+ = > ¢ and therefore

L

acr & dc
e ; at
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The numerical simulation of tracer diffusion in a polyanion melt is carried out using an
explicit finite-difference method to represent equation (25) numerically. The ion fraction
X - is obtained from the activity of CoO [1,2]. If instead of k = 2.6, after Masson, we
use & = 2.39 following Gaskell [3], the results for CoO-5102 melt simulations yield no
significant difference. The important detail that makes the outcome of these simulations non-
trivial is the assumption that tracer elements migrate with different velocities, depending
on the size of the polyanion they are incorporated in. The relative mobility of different
polyanions can be described by a relation proposed by de Gennes [16], according to which
the diffusion coefficients depend on the mass of the molecule as

D; = Dy (M;/ M)~ 26)

A reasonable value for the diffusivity of the smallest polyanion is D} = 5% 107 cm? ™!
[12,13). The simulation starts with initial conditions of either a constant surface
concentration or a source of finite thickness. Equation (25) was solved for a finite number
of j-mers, up to 20 for Xgo, = 0.333 and up to 35 for Xsjo, = 0.428. The maximum
j-value was chosen such as to guarantee a reasonable convergence in the anion fractions,
i.e. vanishing fractions of the largest anions. The time increment for the integration was
chosen to be 1 s.

BO o e o
= ~ 70 Xgj0,= 0.333
L oA . Ny
by %50, = 0333 S sl 2 k: = lﬂ_isj
: s |5 ) PARE
£ D = 5107 em®fs L 2 50l 2kt = 5
-E tme = 1600 sec 5 ] time =3600sec
5 5
jus & ]
g o
5 5 *
[ ')} 4
1 r 20
204 A )
- -
6‘{! [%2] 10 4
™ 1 NP i ]
0 =t T ) — e
-5 a 5 10 15 20 0 i 10 15 20
X o(mm) X {amd

Figare 5. Calculated silicon tracer diffusion profile
(dots) in Co0Q-5310;, assuming the same initial boundary
conditions as 1h experiments by Kieffer [11], using

Figure 6. Simulation of Si diffusion with constant
surface concentration, using £ = 2.6, 1 = 36005,z =2
and I =5 x 107% em? g1,

E=26z=2 Dy =5x10"%cm® s~!. The ful
curve represents the analytical solution for the same
initial and boundary conditions, assuming a constant
diffusion coefficient,

In figure 4 the concentration profiles so obtained are shown for the case of a constant
boundary concentration, The dots represent the simulation results, and the full curve is the
best fit of these data with a standard etror function complement solution, assuming a constant
diffusion coefficient. Note the discrepancy between the two. Analogously, in figure 5 the
results for a finite source and the corresponding fit with the appropriate analytical solution
are shown. This initial condition corresponds to those of experiments carried out in this
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laboratory [12]. The discrepancy between simulation results and analytical fits is strongly
dependent on the form of the polyanion distribution, as we will show later when comparing
these data to those from simulations of the systems CaQ-5i0; and PbO-8i0; under the
same initial and boundary conditions.

In figure 6 we show simulated silicon tracer diffusion profiles for situations characterized
by different polycondensation rates, k*. We recognize that, for a slower exchange of tracer
isotopes between polyanions, the initial drop in the concentration profile is more rapid, but
the tail of the concentration profile extends further into the specimen, which is due to the
unimpeded migration of small anions. By impediment we mean condensation to a larger,
slower-moving polyanion.

10-4]... M SR
. I-x -I =;.§53 ; :*:\
~ 510y iy
« 1077 £
"9 Ca05ir kr=10%gl z=3 oA
o Tt s e s o e S T
= T' PbO-5i02 kt=10%s1 2-7 =
A : =
S 10700, Co0-5i07 kr=10%s? k=26 =
g , '"7 """"""" e m]
= ™ exp. conditon z=2
O Bl
1 1
10"5|—....—4—.. . ¢ 7 e ——————————r—t
0 2000 4000 6000 . 80CQ 0,30 0.35 0.40 045
Time (sec) X5{09
Figure 7. Effective silicon diffusion coefficients as  Figure 8. Effective tracer diffusion coefficient of
a function of time, determined by a best fit of the  silicon (——) compared to experimental data (— . —)
analytical solution of Fick’s second law for constant by Kieffer, using 7 = [500°C, £ = 2.6, ito=
diffusion coefficients, to the simulation data. 107% 571, Dy =5 x 1075 cm? 57,

Effective diffusion coefficients, D.g, have been determined by fits of analytical solutions
to the simulated diffusion profiles. In general, D.g is 2 function of the parameters k%, z and
Dy, as well as the diffusion time. In figure 7 the effective diffusion coefficients, determined
fram simulations, are shown as a function of the diffusion time, for various silicate systems.
Below 2000 s a definite change in D,z can be observed. The effect of time is even more
significant in the case of Si0Oy-rich melts. The same phenomenon has also been found by
Kieffer [12, 13].

The values for the parameters k¥, z and D; can be estimated by comparing effective
diffusivities to those obtained from experiment. In figure 8 the comparison between
simulated and experimental results is shown for the case of silicon diffusion in CoO-S8i0;
systems [11]. The concentration dependences of the modelled and measured D are in
good qualitative agreement.

2.2.2. Tracer diffusior. of oxygen. Although in principle similar to the description of silicon
diffusion, oxygen diffusion requires one to account for one more level of complexity, which
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arises from the distinct behaviour of free oxygen, 0>, compared to singly or doubly bonded
oxygen, O~ and O° respectively. The latter two species will be referred to as O;, where j
indicates the size of the polyanion they are incorporated in. Furthermore, depending on how
the tracer source has been prepared, i.e. whether the oxygen tracer isotope has been brought
in via the transition-metal oxide (Co'®0-8iO,) or via the silicon dioxide (CoO-Si'%0,), the
initial conditions for the tracer distribution may be different {7, 17]. The fraction of tracer
x&, would be different among free and networked oxygen atoms, if the condensation and
splitting reactions were slow, and the degree of cyclization were large. The extreme cases
of initial tracer distribution will be discussed below.

Of the two species O~ and QY only O~ can detach from a polyanion to form a free
oxygen, within a single condensation reaction. However, if the oxygen tracer was brought
in via the silica, one can assume that 30 is distributed evenly over singly and doubly
bonded oxygen atormns. We therefore do not differentiate between the two oxygen types,
but rather distinguish oxygens according to the size of the anion they belong to. Hence,
the diffusion rates of the different O; species vary in the same way as those of the silicon
species; in addition, 02~ exhibits a significantly higher mobility.

The balance of oxygen can be written:

_3&3_ _ dcor- + s D¢,
at at ot

P

@n

where each partial differential on the right-hand side can be equated to a diffusional and a
sum of reaction terms, as will be shown below. After introducing the factors f;, where

P { 3j+1 j<6
T 3i+1-x(+) j26
such that co, = f;FX;, we can modify equations (8)—(11) to yield

3%, A AR Co. Co;. gt Mo Com €0y
—_— = k+ XmX'—m = k+ T = e —_— (28)
G K K ) e F T P A T o
aX;
—L = Z XnXot- = — }: - Cor- 29)
31 m=j+1 F —-_H-l
aX; kt o; g,
— =X ) X, —= G0
at Z Fz f;u ,,; Im
and
aX; k=
5 =k r()XXo- = —FZM(J)Coz— f} 3D

Finally, after adding the diffusional term, the balance of oxygens associated with a
j-mer reads

dco, 8o,  ktf; {R co, 0,0 + kg i e
=) —_ —Co2-
at ! ax? F 2= fn fi-m F =1 I
0.’I’l 7
- —eoj Z - ?M(J)Coz coj- (32)

m=1
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To describe the tracer diffusion of oxygen, we multiply each term in the above equation
by the appropriate fraction of tracer isotopes. Note that the terms that diminish the oxygen
balance within f-mers simply require multiplication by xo » whereas the terms that enhance
the balance do not. After a detailed account of what tracer fractions were present in the
reactants, and how this transiates into a fraction within the product, let cOJ = cp, - xoj, and
we get

deg, D. Bzcoi . k* f; MH 1 ( . COm . €Oy )

= + g,
o axt T F A fut Fem \ O fem O fu
k_f_} d 1 ((.‘Q"= " )
e — Con- T co Coz-
F m;z Fm I\ S
Z == L (33)

Again, this equation applies to the balance of oxygen contained in j-mers, where j can
vary between 1 and cc. It remains to establish the balance of free oxygen, which results
from the following two contributions:

(i) The release of O?~ upon condensation of two polyanions,
Xoo-
? 5 —k+Z(me ) (34)
J=1 wm=Fj

(ii) The consumption of 0>~ upon a depolymerization reaction,

8 X 0e- A ,
a? =—k.(ZX01-;,¢(J)Xj). (35)

=2

Summation of the two yields

aon- k+2(zx X ) —k_on-Zz:;L(j)Xj. | (36)
iz

Converting mole fractions into concentrations, using co:- = FXg2-, and adding the
appropriate diffusional term, the balance of free oxygen becomes
dcpr- 326‘02- S E €0, CO;
= Dgz-—— 4+ — —"‘—— - 37
37 o2 Gx2 + 7 J—Zi:m—_, fu £ 607' JZZ:”‘(J) (37)

The fraction of tracer oxygens can then be introduced as before, using cgl_ = coz-xgz_ o
vield

o _ pe P ﬂii %, %o % o e Zu( )
o O ot | F i Aihh TRAA T g
(38)

The iotal oxygen tracer is obtained after substituting equations (38) and (33) into
equation (27).

The numerical conditions for two different ways of introducing oxygen tracer, as
indicated above, can be established as follows:
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(i) Oxygen tracers initially bonded to Co atoms. It is generally assumed that the
transition-metal oxides completely dissociate in the melt, so that all O* atoms at first will
exist as free 02~ ions. At ¢ = 0 all of the free oxygen will be enriched according to

Corm (e = X2a0)C0 (39)
where x5, i the fraction of '%0 isotopes before mixing it with silica. Upon establishing
thermodynamic equilibrium after mixing both oxides, part of the oxygens introduced

through CoO has been used to break oxygen bridges, and will therefore be associated
with polyanions,

* _ xg{COO)(CCOO —cor-)+ fug Y Co,
Co,{x:-ﬂ] - Z o Co}.
£l

(40}

where fisg is the natural fraction of 80 in oxygen.

(ii) Oxygen tracers initially bonded to Si atoms. If we assume that all 0" atoms are first
bonded to silicon atoms, the fractions of O are still less than the input value, because they
are diluted by the formation of non-bridging oxygens, which require the incorporation of a
free oxygen stemming from the CoO for every bond that is broken, Hence, at t =0

xg[5502)265i02 + fuo(} co; — 2¢si0,)

Ca (x>0) — ZCO Co; © 4D
dl
and €G-, is equal to the natural fraction of 180,
Corag) = firocor-. 7 - (42)

These two different initial conditions for the simulation of oxygen tracer diffusion
were considered in order to compare the numerical results to those of experiments that we
performed in our [aboratory. In our experiments we used a capillary—reservoir technique,
so that the boundary condition 1s a constant concentration at x = 0. The melt contained
in the capillary was enriched. In figure 9 we show the simulated diffusion profile for
these experimental boundary and initial conditions. The simulation, as for the experiment,
was limited to a relatively short diffusion time, limited by the high diffusivity of O%*~.
(With L > 2(Dgr-1)1/2, tpa = 3600 s for a Co'®Q tracer source.) The parameters for the
simulation have been estimated, if not already known from the silicon tracer diffusion, by
comparison with experimental data. From figure 9 it is again clear that the oxygen diffusion
profiles cannot be fitted with the appropriate analytical solution.

3. Results and discussion

The accuracy of our computer simulations was verified by means of a situation for which
the analytical solution is known. In the case of silicon diffusion, we determined a relative
deviation from the exact result of 107> per iteration, where the time step was 1 5. For a
typical simulation run, the relative error therefore amounts to about 1-3%. This inaccuracy
is predominantly caused by the need to assume a finite value for the maximum length of
a polyanion, jmax, instead of infinity. For the simulation of oxygen diffusion. the error
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Figure 9. Simulated oxygen tracer diffusion profile  Figure 10. Effective wracer diffusion coefficients of Si
for the system CoO-8iQ; (dots). The full curve and O in CoO-5i02 as a function of Xsio,, from both
represents the analytical solution for the same initil  experiment {9, 103: (M) “'Co; (4)'80; (@) #Si, and
and boundary conditions, assuming a constant diffusion  simulations: 1, Co'8); 2, §i'80y; 3, 29Si0;.
coefficient. The simulation parameters are £ = 2.6,

2 =2 k" = 10" s D) =5 x 1075 em? 5™,

Dgp- =2 % 104 em?® =1,

accumulated at a rate of 2.5 x 10> per time step. For this reason the simulations were
usually kept to about 1000 steps.

In figure 10 the resulits for the effective tracer diffusion coefficients of Si and O in the
systemm CoO-Si0; are shown as a function of the melt composition. The concentration
dependences in these coefficients are solely due to the shift in the polyvanion distributions,
and, with that, the shift in the average drift velocity of network species. For comparison, the
numerical results are shown together with experimental data for the same system [11, 14].
This comparison demonstrates that our kinetic model provides a valid approach towards the
interpretation of tracer diffusion of oxygen and silicon in CoO-8i0, melts, vielding good
qualitative and guantitative agreement with the experiment. In figure 10, the curves labelled
1 to 3 represent the simulation results under the assumption of all tracer axygen initially
bonded to Co, tracer oxygen equally distributed among all species, and all tracer oxygen
initially bonded to silicon, respectively. The effective oxygen diffusion is slowest when the
tracer is brought in through the silicon only, and fastest when brought in through cobalt only.
This behaviour was also observed in experiments. The same phenomenon has also been
reported for the system Ca0-Si0, [8]. Nevertheless, it seems to be extremely pronounced
in the case of cobalt silicate melts. We therefore applied our model to the simulation of
two other, well characterized systems, CaQ-S8i0; [17-19] and PbO-58i04 [9, 10] melts.

The polyanion distribution for lead and calcium silicates were calculated using
equation (15). We have taken the values for the condensation equilibrium constants %
from Masson [1]; they are k = 0.0016 for CaQ-S8i0; and k = 0.196 for PbO-Si0,, For the
activities of polyanions we used the values reported by Masson for branched polyanions.
In figures 11 and 12 we present the polyanion distributions for CaO-Si0, and PbO-Si0,
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melts, according to our calculations. For comparison, we included Masson’s results as
broken curves. Our results are in excellent quantitative agreement with those of Masson.
For mole fractions Xsio, > 0.45 this Kinetic model yields even better convergence than the
thermodynamic models. Until now anion fractions have only been reported up to j = 10,
because of the poor convergence of some models. The sums over all anion fractions shown
in figures 11 and 12, ¥ X; towards the SiO»-rich side are very close to 1 (for Xg0, = 0.5,
J = 20 the error of 3_ X; is smaller than 0.001%), but according to other models these
sums are typically much greater than 1. For PbO-Si(, the calculated polyanion fraction is
2.3 % 1079 for j = 15, whereas for Ca0-Si0; it i3 3.8 % 10~% at j = 12. The fractions of
larger polyanions can therefore be neglected. Knowing the polyanion distribution we have
then calculated the distributions of Q°, O~ and O~ for these systems. The results shown
in figures 13 and 14 are in good agreement with earlier work by Pretnar [4].

W

Polyanion Fraction X3

XSiOz

Figure 11. Polyanion distributions for Ca0~8i02 melts with & = 0.0016, assuming the activities

of branched polyanions reported by Masson [1): (----) Masson; (
are for j = 1 to 10,

) this work. The curves

The simulated profiles of silicon diffusion yield much better agreement with the
analytical solution of Fick’s law in the cases of CaQ-8i0, and PbO-Si0; melts. The
agreement with values reported in the literature is also very good. For polyanion diffusion
we have used the same values for the parameters z and D, as we had estimated for CoO-
Si0; melts. Figure 15 shows a fit of the analytical solution of Fick’s law, with constant
diffusion coefficient, to the simulated profile of silicon diffusing in PbO-SiQ;. Likewise
for the system CaQ-8iQ,, the effective diffusion coefficient providing the best it of the
analytical solution is virtually identical to the value obtained by experiment [9, 10, 17-19].
This behaviour is quite different to that observed for the system CoO-S8i0Os, where we
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Figure 13. Distribution of OY, O~ and 0% for the
system Ca0-5i0; with j = 20, &k = 0.0016.

Figure 14, Distrbution of O°, O~ and O for the
_ system PbQ-Si02 with j =20, k = (1.196,

cannot get a good fit of the analytical solution to either simulated or experimental results
for silicon and oxygen diffusion [11, 14].

In the present form our kinetic model does not include the migration of metal cations
in an explicit way. In real life any concentration fluctuations of metal cations may have
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Figure 15. Simulation of a silicon tracer diffusion profile {dots) in PO-5i0; and best fit
with the corresponding analytical solution of Fick’s second law, assuming a constant diffusion
coefficient D = (2.85£0.15) 105 cm? s~1. The simulation parameters are k = 0.196, z = 2,
K =10"* 5!, Dy =5 % 1075 om? 57,

profound effects. For example, properties such as diffusion, viscosity and the melting
point of silicates are strongly influenced by the nature and the concentration of metal
cations. However, in our model the influence of the metal cations has been implicitly
taken into consideration through the reaction equilibrium constant X and the value of
Dy. Therefore, explicit consideration of the metal cation will most likely not affect the
principal insights into the mechanisms of polyanion diffusion that were obtained by our
kinetic model. Extending the model, in order to understand the role of metal cations, we
need more detailed information concerning their interaction with the surrounding network,
the type of information that may be gained by molecular dynamics simulations. Also,
experimental work needs to be carried further in order to uncover the spectrum of structural
environments present in these melts.

4, Conclusion

We have expanded the kinetic model of Kieffer and Borchardt to encompass oxygen tracer
diffusion in silicate melts. Based on minor changes in the model assumptions, it was possible
to derive a simple recursive formula for the calculation of polyanion distributions in silicate
melts. The monomer (SiOi_ tetrahedron) concentration as a function of silica concentration
calculated by this formula is identical to that resulting from the thermodynamic treatment
by Masson. Based on the molar balances of the species present in the system, the diffusion
equations of silicon and oxygen have been derived.

The effective tracer diffusion coefficients of oxygen and silicon have been determined
by means of a best fit of simulated concentration profiles with the appropriate analytical
solution for the same boundary and initial conditions, while assuming a constant diffusion
coefficient. The same procedure has been applied to experimental data obtained in cur
laboratory. Based on the comparison between numerical and experimental results, the
concentration dependence of the effective diffusion coefficients can be explained as due to
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a distribution of effective drift velocities of the diffusing species, which resuits from their
temporary incorporation into polyanions of various sizes.

A computer simulation of tracer diffusion of silicon and oxygen in the systems CoO-
S5i0,, PbO-Si02 and CaQ-Si0; revealed that the diffusion processes in CoO-5i0, are
strongly influenced by the exchange of tracer species between polyanions of different sizes,
whereas the diffusion in the other two systems, whose networks are far more disintegrated,
can be described by a single diffusion coefficient with sufficient accuracy. The effective
diffusion coefficients obtained by simulation are in good agreement with experimental results
reported in the literature.
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